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DETERMINATION OF PLASMA T E M P E R A m  AND 
EiXCTRON DENSITY DISTRIBUTIONS 
USING MILLlMETER WAVES* 
By W i l l i a m  F. Leonard 
Langley Research Center 
SUMMARY 
A method f o r  obtaining good s p a t i a l  resolution i n  the measurement of elec- 
t ron  densi ty  and temperature var ia t ions  i n  a thermal plasma of cy l indr ica l  
cross section using millimeter waves i s  described. The technique, which i s  an 
appl icat ion of the  Abel inversion technique, involves the divis ion of a plasma 
in to  concentric zones and evaluation of the  attenuation constant i n  each zone 
from measured at tenuat ion losses .  Results of measurements made on a cyanogen 
oxygen flame a t  61.2 Gc are  given, and correlation of the peak temperature 
(4470O K) a t  the  center of the  flame with spectroscopic measurements i s  shown. 
INTRODUCTION 
As a r e s u l t  of high-temperature plasma research, various techniques have 
been developed t o  measure the  electromagnetic properties of an ionized gas. 
These methods f a l l  i n t o  the  following categories: metal l ic  current probes, 
e lectron beam probes, op t i ca l  measurements of emission l i n e  broadening and of 
emission spectra,  and schemes employing microwave interact ions with the  m e d i u m .  
Probe techniques a r e  often not applicable due t o  a lack of su i tab le  theories  
fo r  in te rpre t ing  the  data they supply, and opt ical  measurements may be l imited 
because of low spec t ra l  l i n e  in tens i ty .  Therefore, e f f o r t s  have been extended 
toward the  use of microwave diagnostics ( re fs .  1, 2, and 3) t o  measure the  
electromagnetic propert ies  of a plasma ( r e f s .  4, 3, and 6 ) .  O f  pa r t i cu la r  
i n t e r e s t  i s  t h e  determination of plasma temperature and electron density. Some 
previous s tud ies  of plasma temperature and electron density ( r e f s .  7 and 8) had, 
i n  general, low s p a t i a l  resolution and resulted i n  average values f o r  the  elec- 
t ron  density and temperature. 
The purpose of t h i s  report  i s  t o  describe a high-resolution millimeter- 
wave survey technique f o r  studying electron density and temperature distribu- 
t i ons  i n  nonreflecting s t r a t i f i e d  cyl indrical  plasmas. This i s  done by f i r s t  
* Presented a t  the  Millimeter and Submillimeter Conference, Orlando, 
Florida,  January 7-10, 1963, sponsored by The I n s t i t u t e  of E lec t r i ca l  and 
Electronics Engineers. 
describing the conditions necessary for a plasma to be nonreflecting, then 
applying a survey method based on the Abel inversion technique to an assumed 
cylindrical model for a plasma. Experimental results obtained on a cyanogen 
oxygen flame are then presented and compared with spectroscopic measurements 
of the peak temperature at the center of the flame. 
SYMBOLS 
area coefficient *k, 3 
B degeneracy factor in Saha's equation 
K equilibrium constant for dissociation or ionization 
2 path length, cm 
Ne electron density, cm-3 
rk radius vector 
T absolute temperature, OK 
vi ionization potential, eV 
component of radius vector perpendicular to transmission path x3 
U attenuation constant, a/cm 
P phase constant, rad/cm 
power reflection coefficient rP 
Y propagation constant 
6 attenuation, dB 
A wavelength, mm 
V collision frequency, sec-1 
Subscripts: 
i summation index 
J ,k zone indices for area coefficients 
n summation 
2 
c 
free space 
P plasma 
SURVEX METHOD 
The propagation of electromagnetic 
terms of a complex propagation constant 
e lec t ron  density N e ,  temperature and co l l i s ion  frequency v of the  plasma. 
(See r e f .  4 . )  
co l l i s ion  frequency of a plasma both the  attenuation constant a and the  phase 
constant p must be known. However, under cer ta in  conditions ( f i g s .  10 and 15 
EM 
y = u + j p  
waves i n  a plasma i s  described i n  
which i s  a function of t he  
I n  general, t o  determine the  electron density,  temperature, and 
5 103 or Ne1/ 2 1O1O and 
EM frequency EM frequency 
V of ref. 5 ) ,  i f  e i the r  -
5 3.16 x then the  phase sh i f t  i n  t he  plasma i s  equal t o  t h a t  NeU2 
EM frequency 
of free space and the  power r e f l ec t ion  coeff ic ient  
Thus, f o r  a "nonreflecting" plasma t h e  experimental quantity of i n t e r e s t  i s  the  
at tenuat ion constant. An obvious means t o  insure these above c r i t e r i a  i s  t o  
increase t h e  EM frequency; t h i s  has the  added benefi t  of obtaining good spa- 
t i a l  resolut ion i n  addition t o  simplifying the experimental measurements. 
i s ,  f o r  systems operating a t  frequencies greater than 60 Gc, t he  physical 
dimensions of t h e  horn antennas a r e  less than 0.3 inch, and Buser and Buser 
( re f .  9) have experimentally shown t h a t  t h e  beam i s  w e l l  collimated and i s  
approximately equal t o  the  width of t he  horns. Thus, i f  t h e  r a t i o  of plasma 
diameter (assuming a cy l indr ica l  plasma) t o  the width of the  antenna receiving 
aperture  i s  large,  good s p a t i a l  resolut ion can be obtained. 
FP i s  less than 
That 
EM 
The e f f e c t  of temperature on t h e  EM properties of a plasma i s  determined 
Saha's through t h e  use of known gas equilibrium constants and Saha's equation. 
equation r e l a t e s  the  electron density t o  t h e  temperature i n  an ionized gas f o r  
a given ionizat ion po ten t i a l  V i  and t o t a l  gas pressure. Saha's equation i s  
23070 Vi 
log Kp = - + 2.5 l o g  T + log B - 6.491 
4.573 T 
where Kp i s  the  equilibrium constant f o r  dissociat ion or ionizat ion of t he  
various const i tuents  of t he  p l a s m  and B i s  the degeneracy f ac to r .  (See 
r e f .  8.) I f  t h e  known equilibrium constants and those calculated from equa- 
t i o n  (1) a r e  used, a composition calculation f o r  neut ra l  p a r t i c l e s  and elec-  
t rons  can be made. 
3 
I f  it i s  assumed t h a t  rP = 0 (or p = p,), one fur ther  requirement 
becomes necessary t o  determine Ne and T from at tenuat ion measurements; t h a t  
i s ,  the value of the  co l l i s ion  frequency must be known. 
because the  slope of the  curve r e l a t ing  phase sh i f t  t o  e lectron density 
( f i g .  10 of r e f .  5 )  i s  zero regardless of t he  value of the  co l l i s ion  frequency. 
However, for many plasmas the  co l l i s ion  frequency may be computed from kine t ic -  
theory re la t ions .  (See eq. ( 4 )  of ref. 8 . )  Thus, with a measured at tenuat ion 
constant, a calculated co l l i s ion  frequency, and a knowledge of gas const i tuents ,  
t he  electron density and temperature can be determined. 
This i s  necessary 
In  order t o  a r r ive  a t  a reasonable survey method based on these c r i t e r i a ,  
t he  following plasma conditions a re  assumed: 
1. The plasma i s  nonreflecting a t  t h e  EM frequency used. 
2. The plasma i s  cy l indr ica l ,  having r a d i a l  var ia t ions  only. 
3 .  The r a t i o  of plasma diameter t o  width of antenna receiving aperture i s  
large.  
4. The ionizat ion poten t ia l ,  t o t a l  gas pressure,  and co l l i s ion  frequency 
of t he  plasma a re  known. 
Once these plasma conditions a r e  assumed, t he  electron density and temperature 
var ia t ions i n  a plasma can be determined by measuring the  inser t ion  loss experi- 
enced as the  tes t  plasma t raverses  between two microwave horns normal t o  the  
direct ion of propagation. 
Since theory i s  based on 
attenuation per  u n i t  path 
length,  a model f o r  evaluating 
effect ive path lengths w i l l  be 
helpful  i n  converting from 
measured at tenuat ion i n  dB t o  
attenuation per u n i t  path 
length in  dB/cm. Figure 1, 
which represents t he  model 
used t o  evaluate laboratory 
t e s t s ,  shows a cy l indr ica l  
plasma divided in to  f i v e  con- 
cent r ic  zones of constant 
attenuation per un i t  path 
length with a width equal t o  
t h a t  of the receiving horn 
aperture.  The number of 
zones depends on the  r a t i o  of 
the plasma diameter t o  the  
width of antenna receiving 
aperture.  The e f fec t ive  path 
e 
(‘kiXj)- 
i 
Figure 1.- Assumed model of a cylindrical plasma. 
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c 
v' length in a zone is found by dividing the area of the strips in that zone by 
the width. The area of a strip in a particular zone is obtained from a table 
of area coefficients Ak,j for given values of r k  and x j  (ref. IO). 
Once the effective path lengths and measured attenuation losses are known 
for each strip, the attenuation constant for each zone can be determined from 
the following expression: 
n n-1 1 6k - 1 %i2i 
k=l  i =O 
2n 
% =  
where the subscript n designates the zone starting with n = 1 for the outer 
zone and is the attenuation in decibels in a zone for a particular strip. 
If the attenuation constants thus obtained are used, the electron density and 
temperature in each zone are found from theoretical plots of attenuation per 
unit length versus electron density and electron density versus temperature for 
the plasma being surveyed. 
6k 
TEST APPARATUS 
The test plasma used to 
evaluate the survey technique 5000- 
was a stoichiometric cyanogen 
oxygen flame which forms a 
3-inch-diameter subsonic jet at 
atmospheric pressure. The cal- 
culated collision frequency for 
(ref. 8), and computation of wj 4400 - 
acteristics for a stoichiometric !$ 4200- 
equilibrium combustion of cyano- w 
a 
5 4000- gen and oxygen gives a plot of temperature versus electron den- I- 
4800 - 
4600 - 
this flame is 6 x 1010 sec-1 5 
the equilibrium plasma char- 3 U 
sity as shown in figure 2. 
Examination of the electro- I/ 
magnetic properties of a plasma 3 600 \ I I I 1 
at a frequency of 61.2 Gc (fre- 4x1010 1011 10'2 1013 
quency used in tests) and for a ELECTRON DENSITY, N,, ~ r n - ~  
collision frequency of 
6 x 1O1O sec-l yields the 
following: 
Figure 2.- Variation of electron density with temperature for the cyanogen 
oxygen flame. 
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(1) The cyanogen oxygen flame 
i s  nonreflecting f o r  e lectron den- 
s i t i e s  l e s s  than 1013 cm-3. 
f i g .  10 of r e f .  5 . )  
(See 
(2)  A p lo t  of a t tenuat ion con- 
s t an t  versus e lectron density i s  a s  
shown i n  f igure 3 .  
By combining f igures  2 and 3, a 
usefu l  plot  of temperature versus 
attenuation constant can be made 
and i s  shown i n  f igure  4. 
Therefore, t he  cyanogen oxygen 
flame meets t h e  necessary require- 
ments outlined and a temperature 
d is t r ibu t ion  can be made by meas- 
ur ing transmission loss as  a func- 
t i o n  of flame diameter. 
Figure 5 i s  a block diagram of 
the  millimeter-wave apparatus. The 
s igna l  source i s  a 60 t o  70 G c  
backward wave o s c i l l a t o r  which 
feeds into a 3-dB coupler f o r  
/ 
I I I I I 
1011 10'2 1013 
ELECTRON DENSITY, Ne, cm-3 
Figure 3.- Dependence of attenuation constant on electron density. 
v = 6 x 1010 sec-1; h = 4.9 mm. 
w" 5 4400 - 
3600' 1 I I I I I 
10-2 lo-' I 00 IO1 
ATTENUATION CONSTANT, dB/cm 
Figure 4.- Dependence of attenuation constant on temperature. u = 6 x 1010 sec-1; 
A = 4.9 mm. 
6 
c 
-’ 
CRYSTAL U 
DETECTOR 
I N DI CAT0 R 
I 
I ,  
\ I 
OSCILLOGRAPH I RECORDER I 
Figure 5.- Schematic diagram of test apparatus. 
monitoring power output levels. 
Frequency of operation is checked 
by measuring the wavelength with a 
slotted line. The antennas are 
l 3 - a  nominal gain horns with an 
aperture width of 0.3 inch. An 
oscillograph recorder is used to 
record the power monitor signal, 
flame position, and transmitted 
signal. 
of the test facility. 
Figure 6 is a photograph 
RFSULTS 
Attenuation measurements were 
made on a stoichiometric cyanogen 
oxygen flame at a frequency of 
61.2 Gc. The ratio of flame diame- 
ter to width of receiving horn 
antenna was 1O:l; thus, the flame 
was divided into five concentric 
zones each having a width of 
0.3 inch (the width of the 
receiving horn aperture). 
L-65-16 
Figure 6.- Photograph of test facility. 
The measured attenuation experienced as the flame traversed between the 
horns is show- in figure 7. Application of these data to the assumed plasma 
model yields the attenuation constant for each zone. The resulting electron 
density and temperature distributions, from figures 3 and 4 and values obtained 
for the attenuation constants, for the cyanogen oxygen flame are shown in 
figure 8. 
Although some fluctuations were present in the flame, the survey technique 
gave a distribution which follows a bell-shaped curve with a maximum temperature 
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Figure 7.- Transverse survey of cyanogen oxygen flame at 61.2 Gc. 
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Figure 8.- Electron density and temperature distributions i n  a cyanogen oxygen flame. 
a t  t h e  center of 4470° K 
and a minimum of 414>O K 
a t  t h e  edge. The peak 
temperature a t  t he  center 
of the flame has been cor- 
r e l a t ed  with unpublished 
spectrographic data,  
obtained a t  the  Langley 
Research Center, based on 
the  ro t a t iona l  s t ruc ture  
of the  v ibra t iona l  ro ta -  
t i o n a l  CN band. (See 
ref. 11 for  a descr ipt ion 
of t h i s  technique.) The 
spectrographic measure- 
ments gave a peak value of 
4500° K a t  t h e  center of 
t he  flame which i s  within 
1 percent of the  m i l l i m e t e r  
wave value. 
The f l a r e  of the  elec- 
t ron  density and tempera- 
ture  d is t r ibu t ions  i n  f i g -  
ure 8 r e s u l t s  from the  
assumption t h a t  t h e  a t ten-  
uation coef f ic ien t  a i s  
a constant i n  each zone. 
This e f f e c t  becomes negli-  
g ib le  i n  t h e  calculat ion 
of a (eq.  ( 2 ) )  toward 
the  center of t he  flame 
because the  t o t a l  attenua- 
t i o n  contributed by the  
outer zone i s  small. 
A n  advantage of t h i s  
method f o r  studying t h e  
temperature var ia t ions  i n  
the  cyanogen oxygen flame 
i s  t h a t  t he  r e s u l t s  a r e  
not very sens i t ive  t o  the  
accuracy of the calculated co l l i s ion  frequency. This can be shown by comparing 
a p lo t  of a versus Ne ' I2 ( f i g .  1 of r e f .  5 )  and 
f igure  2 f o r  T versus N e .  If the  c o l l i s i o n  frequency i s  i n  e r ro r  by an order 
of magnitude, the e r ro r  i n  the  temperature values determined from at tenuat ion 
measurements a t  61.2 Gc w i l l  be l e s s  than 12 percent.  The shape of t h e  tempera- 
t u r e  d is t r ibu t ion  curve does not change with co l l i s ion  frequency. 
f o r  various values of v 
8 
i 
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CONCLUDING REMARKS 
Electron density and temperature distribution of a nonreflecting cyanogen 
oxygen flame have been determined by using a millimeter-wave survey scheme. 
The distributions fo l low the expected bell-shaped curve and the peak tempera- 
ture at the center of the flame agrees within 1 percent of spectroscopic 
measurements. 
Langley Research Center, 
National Aeronautics and Space Administration, 
Langley Station, Hampton, Va., January 21, 1965. 
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